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1 ,
3 $(M^{m}, ds_{M}^{2}),$ $(N^{n},ds_{N}^{2})$
$F$ : $Marrow N$ $F$ (
) $F$ $\mathrm{A}\mathrm{a}$ ,
2 0 $F$
$m=2,$ $N=\mathrm{R}^{n}$ $F:Marrow \mathrm{R}^{n}$
( ) $G:Marrow G_{n,2}$ $P-F_{*}(T_{P}M)$
( G ,2 $n$ 2
) $\text{ }$ $G_{n,2}$ $Q_{n-2}:=\{[w]\in \mathrm{C}P^{n-1}.|w\cdot w=0\}$ (
”. ” ) $z=x+iy$
$M$ $G(P)$ $F_{z}$






$([4])_{\text{ }}\mathrm{M}$ . Micallef








$P-(Re(F^{1}), Im(F^{1}),$ $\cdots,$ $Re(F^{n}),$ $Im(F^{n}))$
$F$ : $Marrow \mathrm{R}^{2n}$ $G$ :
$Marrow Q_{2n-2}$






















$a\in \mathrm{C}^{4}$ $NM^{(1,0)},$ $NM^{(0,1)}$ $a^{1,0},$ $a^{0,1}$
([3]):
(I)
2 $\int_{M}\frac{f^{2}}{|F_{z}|^{4}}|F_{zz}\cdot\sigma|^{2}dv+2\int_{M}\frac{f^{2}}{|F_{z}|^{2}}Re(\overline{\sigma}\cdot D_{z}D_{\overline{z}}\sigma)dv\leq\int_{M}|\nabla f|^{2}|\sigma|^{2}dv$,
, $f\in C_{0}^{\infty}(M)$ $\sigma\in\Gamma(N_{\mathrm{C}}M)$
, (1) $\sigma$
( ,
$s:=A^{1,0},$ $t:=A^{0,1}$ ) $\text{ }$ M. Micallef Theorem 12
, $\sigma=s-\overline{s}$











$\triangle u-qu=0$ ( $\mathrm{q}$ )
$u$ : $(M, ds_{M}^{2})$
, $q$ $M$ $D\subset M$
, $\partial D$ 0 2
$\triangle-q$ $\lambda_{1}(D)<\lambda_{2}(D)\leq\cdots$
$\lambda_{1}(D)$
(4) $\lambda_{1}(D)=\inf\{\int_{M}|\nabla f|^{2}+qf^{2}dv|supp(f)\subset D, \int_{M}f^{2}dv=1\}$
Theorem 2.1. $([\mathit{1}J)$
(1) $D\subset M$ $\lambda_{1}(D)\geq \mathrm{O}j$
(2) $D\subset M$ $\lambda_{1}(D)>0_{i}$
(3) $\triangle u-qu=0$ $M$ $u>0$
Fischer-Colbrie R. Schoen
Theorem 2.2. $([\mathit{1}J)(M, ds_{M}^{2})$ $\triangle u-$
$aKu=0(a\geq 1)$ $M$ $u>0$ $\mathrm{A}\mathrm{a}$ , $K$ $M$
$ds_{M}^{2}$ [
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Theorem 3.1. $(M, ds\mathrm{b})$ $\triangle u-aKu\ovalbox{\tt\small REJECT}$
$0(a>1/2)$ $M$ $u>0$ $\ovalbox{\tt\small REJECT}[searrow]$ $K$ $M$ $ds\mathrm{b}$




(5) $K= \triangle\log h=\frac{\triangle h}{h}-\frac{|\nabla h|^{2}}{h^{2}}$
$D\subset M$ , $\zeta$ $M$ $D$
(6) $\int_{M}(|\nabla(\zeta h)|^{2}+aK(\zeta h)^{2})dv$
$= \int_{M}(|\nabla\zeta|^{2}h^{2}+2\zeta h(\nabla\zeta\cdot\nabla h)+\zeta^{2}|\nabla h|^{2}+a(\zeta^{2}h\triangle h-\zeta^{2}|\nabla h|^{2}))dv$
$= \int_{M}(|\nabla\zeta|^{2}h^{2}+2\zeta h(\nabla\zeta\cdot\nabla h)+\zeta^{2}|\nabla h|^{2}$
$-2a\zeta h(\nabla\zeta\cdot\nabla h)-a\zeta^{2}|\nabla h|^{2}-a\zeta^{2}|\nabla h|^{2})dv$












(8) $\zeta(r)\equiv 1$ for $r \leq\frac{1}{2}R$,
$\zeta(r)\equiv 0$ for $r\geq R$ ,
$\zeta\geq 0$ for all $r$ ,
$| \zeta’|\leq\frac{C}{R}$ for all $r$ ,
, $r$ $M$ $P$ $ds_{M}^{2}$ , $R$ $C$ $R$
$\zeta(r)$ $M$ $B_{R}(P)$
( $B_{R}(P)$ $P$ , $R$ )
$a\in(1/2,1)$ , $\epsilon>0$
$(a-1)\epsilon+2a-1>0$ , $1+ \frac{1-a}{\epsilon}>0$ ,
$a> \frac{\epsilon+1}{\epsilon+2}=\frac{1}{2}+\frac{\epsilon}{2\epsilon+4}$ , $a<1+\epsilon$ .
(7) (8)
(9) $\lambda_{1}(B_{R}(P))\int_{M}(\zeta h)^{2}dv+(2a-1+(a-1)\epsilon).\int_{M}\zeta^{2}|\nabla h|^{2}dv$
$\leq(1+\frac{1-a}{\epsilon})\int_{M}|\nabla\zeta|^{2}dxdy\leq(1+\frac{1-a}{\epsilon})\frac{C^{2}}{R^{2}}\pi$ ,
$\int_{M}$ $dxdy=\pi$ $\lambda(z)|dz|^{2}$
$\lambda$ $|\nabla h|$ $M$ 0 (9)
$R$ $\lambda_{1}(B_{R}(P))<0$ Theorem
2.1 $\triangle u-aKu=0(1/2<a<1)$ $M$ $u>0$
.
(3) Theorem 3.1
Main Theorem. $F$ : $Marrow R^{4}$
$\alpha$ - $(\alpha>1/4)$ $M$
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$P\ovalbox{\tt\small REJECT} \mathit{4}\mathit{4}\ovalbox{\tt\small REJECT} fain\pi eooem$. (3) $f$
Theorem 2.1
(10) $\triangle u+\{1+\frac{|A\cdot A|-A^{2}[perp]_{2}+[perp] s_{2\tilde{8|\epsilon|^{2}}}^{2}+1^{A\cdot A^{2}}}{|s|^{2}+|t|^{2}}\}(-K)u=0$
$M$ $u>0$ $u$ $M$
$u$ $\text{ }(10)$ $M$
Ku $\frac{1}{2}$
$\{1+\frac{|A\cdot A|-\mathrm{L}^{A}\mathrm{L}^{2}+[perp] l^{2}\cup+A\cdot A^{2}228|\epsilon|^{2}}{|s|^{2}+|t|^{2}}\}-\frac{1}{2}$
$= \frac{1}{|s|^{2}+|t|^{2}}\{(1-\frac{1}{2})(|s|^{2}+|t|^{2})+|A\cdot A|-\frac{|A|^{2}}{2}+\frac{|s|^{2}}{2}+\frac{|A\cdot A|^{2}}{8|s|^{2}}\}$
$= \frac{1}{|s|^{2}+|t|^{2}}\{\frac{1}{2}(|s|^{2}+\frac{|A\cdot A|^{2}}{4|s|^{2}})+|A\cdot A|-\frac{|A|^{2}}{2}+\frac{|s|^{2}}{2}+\frac{|A\cdot A|^{2}}{8|s|^{2}}\}$
$= \frac{1}{|s|^{2}+|t|^{2}}\{|s|^{2}+\frac{|A\cdot A|^{2}}{4|s|^{2}}+|A\cdot A|-\frac{|A|^{2}}{2}\}$
$> \frac{1}{|s|^{2}+|t|^{2}}\{|s|^{2}+\frac{|A|^{4}}{4|s|^{2}} \frac{1}{16}+\frac{|A|^{2}}{4}-\frac{|A|^{2}}{2}\}$
$= \frac{1}{|s|^{2}+|t|^{2}}\{|s|^{2}-\frac{|A|^{2}}{4}+\frac{|A|^{4}}{64|s|^{2}}\}$
$= \frac{1}{|s|^{2}+|t|^{2}}(|s|-\frac{|A|^{2}}{8|s|})^{2}\geq 0$ ,
2 $A\cdot F_{z}\equiv 0$ $|A\cdot A|=$
$2|s||t|$ , 1 $|A\cdot A|>|A|^{2}/4$
$1+ \frac{|A\cdot A|-2[perp] A^{2}[perp]+\iota^{2}\cup+A\cdot A^{2}28|\iota|^{2}}{|s|^{2}+|t|^{2}}$
$\frac{1}{2}$
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